Basics of robotics for manipulation

September 25, 2024

Exercise set 2 — Introduction to kinematics - Solutions

Reminders

Simplified notation of sines and cosines
To simplify the notation, we use:

e sin(6)=s

e cos(f)=c

e sin(61)=s1

e cos(O1)=c1

e sin(62)=s2

e cos(02)=c2

e cos(01+602)=c1+2

e sin(61+62) =51+2

Rotation and translation matrices
Recall that:

e R(A)= ¢ s describes the rotation of 8 around the origin (in 2D)
s ¢

t . .
o t = ( ‘“) describes the translation vector t

t!}

Trigonometry of the sum of two angles

Recall as well that:

cos (a + b) = cosa. cosb - sina. sinb

sin (a + b) = sina . cosb + cosa. sinb

Sequence of transformations

Finally, the sequence a = b — c describes the transformation a followed by the transformation b followed by the

transformation c.
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Exercise 1: 2D rotations around the origin

Calculate the following 2D rotation matrices:
1. R(6=0).

2. R(-9).

3. (R(O)

4. A =R(62)R(61). Also, find 8 such that A =R(6).

5. Determine if the following equality is true: R(61)R(62) = R(62)R(61).

Solution 1

1.

(a b)“ 1 (d b)
3. Recallthat \¢ ¢ det \—¢ @ J therefore :

RO = (5 D)

=(5 o) =@®oe)

= R(-0)

A=R(0:)R(th)

(’2 *‘3’2 C1 —8]

51 [&]
CoCp — 52851 —Ca251 — S201
C981 + 82¢1 €201 — 825
Cl42 —S142
S142 C1+2

R (6, +65)

R(62)R(61) = R(61+62)
=R(62+61)
=R(61)R(62)
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Exercise 2: Homogeneous transformation matrices in 2D

t
1. Give the homogeneous matrix corresponding to the pure translation t = (tx)
y

c -s
2. Give the homogeneous matrix corresponding to the pure rotation R(8) = (s c )

3. Give the homogeneous matrix for the following sequence:
t-R(O)

4. Give the homogeneous matrix for the following sequence:

R(O) -t
c —S t,
5. Does the homogeneous matrix (S c ty> correspond to the sequence of a translation and a rotation, or
0 0 1

to the sequence of a rotation and a translation?
6. Give the homogeneous matrix corresponding to the sequence opposite to that of point 4:

R(-6) - -t

Solution 2

1. Homogeneous matrix of a pure translation :
M t =

o o =
o = o

2. Homogeneous matrix of a pure rotation with an angle 8 around the origin :

c —s 0
M,=1|s ¢ 0
0 0 1

3. Homogeneous matrix for the sequence t = R(6) :

MM, = (s ¢ 0] [0 1 ¢

C =S clp — sty
=|s ¢ stytcty
0 0 1
_(R(0) RO

N 0 1
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4. Homogeneous matrix for the sequence R(0) - t:

MM, =0 1 t]|[s ¢ 0

¢ —s 1y
=15 ¢ ty
0 0 1

5. It corresponds to the sequence of a rotation followed by a translation, i.e the previous point.

6. Homogeneous matrix for the sequence R(-6) — -t:

M_,M_, — (R(_m _t)

0 1
_ (R —t
- 0 1
C S _1‘1'
=|—s ¢ —ty
0 0O 1

Exercise 3: Sequence of homogeneous matrices

Give the homogeneous matrix for the following sequence of operations:

R(61)-»t1i—»R(62) > t2

Solution 3

We have :
T R2 tg Rl tl
M = ( 0 1) ( 0 1)
Ca  —S3 lzo €1 —S1 g
= 89 Co tyg 81 (=] tyl
0 0 1 0 0 1

Clez  —Si1g2  Colyr — Safy +1,0
Si+2  C142  Safgr + catyr + iy

0 0 1
_ (RiRz Roaty +t2
B 0 1
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Exercise 4: Rotations around an arbitrary point

Any combination of translations and rotations in the plane can be expressed as a pure rotation around a point P,
called the center of rotation.

1. Is the statement above entirely correct? What about a pure translation?
2. For a combination of translations and rotations:

(@) Show how the pure center of rotation P can be found graphically. Hint: draw a random vector v in a
plane, and also the result of its homogeneous transformation, then find the pure center of rotation P
by construction.

(b) Find the center of rotation analytically, using the formula for a rotation around a point P given by the
vector p. Consider the homogeneous matrix of transformation for the combination of translations and
rotations as known.

(c) Find the same center of rotation by reasoning about what happens when the transformation is applied
to this center of rotation. Again, consider the homogeneous matrix of transformation for the
combination of translations and rotations as known.

3. Give the homogeneous matrix which describes a rotation of 60° around the origin.

o4

4. Give the homogeneous matrix which describes a translation of 1 unit in the x direction, then a rotation of 60°
around the origin.

5. Give the homogeneous matrix which describes a rotation of 60° around the point P = G)

6. An object with two points viand wiis moved so that the images of the points are found respectively at

positions vz and w2 with respective homogeneous coordinates:

CH 0

2 T2
Uy = | 1-V3 |, Wy = 1
T2 2
1 1

Give the homogeneous matrix M which describes this transformation.
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Solution 4

1. Yes, the special case of pure translation can be seen as rotation with a center of rotation at infinity.

As an example, consider the image P, of point P, = (8) at the origin, resulting from a rotation of angle 6

around a point C = (g) :

=" ime )

We can rewrite the equation as :

R-(1—cosk
P2 = ( ) YR) , W|th£= 9
—R-sm;

Thus, when moving C to infinity (R = o), using the small-angle approximation :

(1= cosk (1—
lim P, = lim g (1 COSR) = lim (R « Y1)>=<0)

R— R—- 4 Rooo —R-—
st R

tx

0
Which is equal to the image of P; following a translation t = (t ) = (—y)' It can be generalized for any

y
point P; and any translation t.

2. (a) The points A and B, extremities of the vector v, move respectively towards A’ and B’, extremities of the
vector V' ; the center of rotation can be found at the intersection of the perpendicular bisectors of AA” and
BB’:

VI

(b) The homogeneous matrix of a rotation R around a point Pis :
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0
c —s a
=|ls ¢ b
0 0 1

Therefore :
p—RO)p=(})
= p(1-R(0)) = (Z)

= ()= a-r@) ™ ;)
(G 9-C D) ®
(30076
-z (7020

1 (a—ac—bs)

=2—2c as+ b — bc
_a—ac—bs
P e
_b—bc+as
Py =" "%

(c) The center of pure rotation is the only point that doesn’t change during rotation, therefore we have:

= Pz = CPx — SPy +a
Py = SPx +pr +b

a— sp,
Pe = 1-— cJ
=y btsp,
s s
a— ac—bs
Pe = —F7 (7 —
2—2c
= b—be+ as
a—ac— bs
_ 2—2¢
“P= | b bet as
2—2¢

3. Homogeneous matrix of rotation of 60° around the origin:

12 —v3/2 0
Moo = [ V3/2 1/2 0
0 0 1
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Homogeneous matrix of translation of 1 in the x direction, then rotation of 60° around the origin:

12 —V3/2 0
MrsoMe=(V3/2 1/2 0
0 0 1

1
0
0

/2 —v3/2 1/2

=(v3/2 12 \/5/2)

0 0 1

5. Homogeneous matrix of rotation of 60° around p = G) :

M, 605 — (R(bO ) p—R(60 )p)

0 1
1 V3 2-14+3
3 5 5
| f a-it
2 2 2
0 0 1
With :
(60) —sin(e0’) _(3 %
oy _ (€0s(60°) —sin(60°)\ (3 T3
R(60)_<sin(60°) cos(60°))_ Y
2 2
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e —5 1,
6. WesetM = [s ¢ 1
0 0 1

Then :

Vo = ﬂ-fvl
wao = ﬂfwl

1—+3
2 C —S tm 1
I-V3|l=1]s ¢ ty 0
2 0 0 1
eX 1
23
c —s t, 1
i =\|s ¢ { 1
2 0o 0o 1/ \1
{ 1
2c+2t,=1—/3
25+ 2¢,=1—
L 22, V3
2 — 25+ 2t, =2 —+/3
254+ 2c+2t,=1
([,7£
21
ST 73
=
1
tp— = —
2\/5"
3
(=1-
f#=—-30°
1
:><fj:§_\/§
fy:l_ﬁ
2
Vi o1 o1,
3 3 3V
=M = 1 \/§1 V3
2 2 T2
0 0 1
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